We present a family of nonautonomous bright and dark soliton solutions of Bose-Einstein condensates with the time-dependent scattering length in an expulsive parabolic potential. These solutions show that the amplitude, width, and velocity of soliton can be manipulated by adjusting the atomic scattering length via Feshbach resonance. For the cases of both attractive and repulsive interaction, the total particles number is a conservation quantity, but the peak (dip) density can be controlled by the Feshbach resonance parameter. Especially, we investigate the modulation instability process in uniform Bose-Einstein condensates with attractive interaction and nonvanishing background, and clarify that the procedure of pattern formation is in fact the superposition of the perturbed dark and bright solitary wave. At last, we give the analytical expressions of nonautonomous dark oneand two-soliton solutions for repulsive interaction, and investigate their properties analytically.
I. INTRODUCTION
The classical soliton concept was introduced firstly by Zabusky and Kruskal [1] for autonomous nonlinear and dispersive dynamic systems where the time variable has only played the role of an independent variable and has not appeared explicitly in the coefficients of the nonlinear evolution equation. These autonomous solitons do not disperse and completely preserve their localized form and speeds during propagation which has motived a great attention in optical fibers and condensate physics. As a theoretical model, the nonlinear Schrödinger equation has been adopted extensively to govern the dynamics of autonomous bright and dark solitons in optical fibers [2, 3] and Bose-Einstein condensates (BECs) [4] .
In BECs bright and dark solitons have been paid more particular interest experimentally and theoretically. The bright soliton [5] [6] [7] [8] [9] [10] [11] is expected by the balance between dispersion and attractive mean-field energy. However, collapse of bright soliton [12] may occur owing the attractive interaction of bosons. To avoid this collapse, one should restrict the BECs dynamics into the quasi-onedimensional regime, i.e., the energy of two body interaction is much less than the kinetic energy in the transverse direction. The dark soliton [13] [14] [15] [16] [17] can be formed in the case of repulsive interaction of bosons. It denotes the macroscopic excitation characterized by a local density minimum, and a phase gradient of the wave function at the position of the minimum. Comparing with the attractive case, large condensates can be realized for dark soliton owing the repulsive interaction of bosons.
When the physical system is subjected to various external time-dependent forces, the nonautonomous nonlinear * Electronic address: llz@sxu.edu.cn evolution models typically arise and the term of nonautonomous solitons [18] was introduced firstly. In fact, different aspects of dynamics in nonautonomous models [19] [20] [21] and the controllable soliton solutions [18, [22] [23] [24] in optical fibers have been investigated theoretically. For BECs the nonlinearity resulting from the interatomic interaction is denoted by the effective scattering length which can be tuned experimentally by utilizing the Feshbach resonance [25] , even including its sign. A sinusoidal variation of the scattering length has also been used to form patterns such as Faraday waves [26, 27] . The controlling soliton trains [28] was also created starting from periodic waves. Therefore, the BECs solitons forming by magnetically tuning the interatomic interaction near a Feshbach resonance are a typical example of such nonautonomous solitons in external potentials and offer a good opportunity for the nonlinear excitations exploration [29] . The properties of such nonautonomous solitons in BECs are not well explored and it is our purpose in the present paper. At the mean-field level, the evolution of the macroscopic wave function of BECs can be described by the Gross-Pitaevskii equation [30, 31] ,
where Ψ (r,t) is normalized to the number of condensed atoms, i.e., N = |Ψ| 2 d 3 r, m is the atomic mass, V ext is a harmonic trap given by
with ω 0 and ω ⊥ being the axial and transverse harmonic oscillator frequencies, and the effective interatomic interaction reads g = 4π
2 a s /m with a s being the s-wave scattering length (a s < 0 for attractive interaction; while a s > 0 for repulsive interaction). The linear oscillator lengths in the transverse and cigar-axis directions is defined by l ⊥ = ( /mω ⊥ ) 1/2 and l 0 = ( /m |ω 0 |) 1/2 , respectively. For a cigar-shaped con-densate at a relatively low density, when the energy of two body interactions is much less than the kinetic energy in the transverse direction, i.e. when ǫ
, where ξ = (8πn |a s |) −1/2 is the healing length and n ∝ N/ l 2 ⊥ l 0 is a mean particle density, then the system becomes effectively quasi-onedimensional regime [5, 32] with the explusive potential
where λ ≡ 2 |ω 0 | /ω ⊥ ≪ 1, and the time t and coordinate x has been measured in units 2/ω ⊥ and l ⊥ , respectively. In real experiment for BECs [5] the scattering length a s is tuned with a Feshbach resonance from repulsive to attractive. For soliton created with the particle number N ∼ 10 3 , ω ⊥ = 2π × 710Hz, ω 0 = 2πi × 20Hz, the parameter λ = 0.056 is small. With the above conditions, the units l ⊥ is about 1.44µm and the units time for a BECs trapped with the transversal size order l ⊥ corresponds to 4.5 × 10 −4 s. The lifetime of a BECs is of the order of 1s, which is about 220 in our dimensionless units. If one chose the scattering length is increased in the form of a s (t) = a 0 exp(λt) with the initial scattering length a 0 = −0.02 nm. After 40 dimensionless units of time, the value of the atomic scattering length turns to a s = −0.19 nm corresponding to ǫ 2 ∼ 0.02 which provides the safe range parameters.
In terms of the transformation ψ (x, t) = q (X, T ) exp λt/2 − iλx 2 /4 with X = x exp (λt) and T = 2 t 0 exp (2λτ ) dτ , Eq. (2) reduces to the standard form
This result show that in BECs the nonautonomous solitons formed by magnetically tuning the interatomic interaction via Feshbach resonance can be obtained from the autonomous solitons. In this paper, we will explore the generalized nonautonomous bright and dark solitons of Eq. (2). As an example, the nonautonomous bright soliton solutions are obtained on the vacuum state background and nonzero background, respectively. With these exact solutions the corresponding dynamic properties are discussed in detail. At last, we investigate the dynamic behavior of the nonautonomous dark soliton solutions.
II. NONAUTONOMOUS BRIGHT SOLITON SOLUTIONS
In this section, we consider the case of attractive interaction between atoms, i.e., a 0 < 0. In this case, Eq. (3) is a integrable model, and its soliton solutions can be constructed by several technique, such as inverse scattering method [3] , Darboux transformation [34] [35] [36] and Hirota method [37] . With the expulsive parabolic potential and the Feshbach-managed time-dependent scattering length, we will present the exact nonautonomous bright soliton solutions analytically on the vacuum state background and nonzero background for Eq. (2).
A. Nonautonomous bright soliton solution and soliton interaction on the vacuum state background Firstly, we can present the nonautonomous one-soliton solution for Eq. (2) as follows
where θ s and ϕ s are given by
here µ = N |a 0 | /l ⊥ . The solution ψ in Eq. (4) describes a bright soliton of BECs with time-dependent atomic scattering length in an expulsive parabolic potential, with the initial maximum amplitude A s , the initial wave number k s , the initial location θ 0 /(µA s ), and the initial phase ϕ 0 /k s . When λ = 0, Eq. (4) can reduce to the solution for the standard nonlinear Schrödinger equation. From Eq. (5) we see that the soliton in Eq. (4) can undergo compressing effect with the increasing of the scattering length tuned by the Feshbach resonance. This character does not exist for the situation of the uniform nonlinear Schrödinger equation [3] . This nonautonomous soliton has an increase in the peak value, while the particles number is a conservation quantity due to
The velocity of soliton is affected by the Feshbach resonance parameter λ, which reads V s = −2k s (e λt −λe
. This result show that the size of bright soliton in BECs can be tuned by adjusting the attractive interactions even in the presence of the expulsive potential.
Another interesting problem is to discuss the interaction of two nonautonomous bright solitons. To this purpose we present two-soliton solution of Eq. (2) as follows
where
with the parameters
here j = 1, 2, θ 0j and ϕ 0j is an arbitrary real constant, respectively. The solution in Eq. (6) describes a general interaction between two nonautonomous solitons with the different center velocity V s,1 and V s,2 , respectively. From Eq. (7) we get the velocity of each soliton
In order to understand the nature of two nonautonomous solitons interaction, we analyze the asymptotic behavior of two-soliton solution in Eq. (6) . Asymptotically, the solution in Eq. (6) can be written as a combination of two one solutions in Eq. (4). The asymptotic form of two-soliton solution in limits t → −∞ and t → ∞ is similar to that in Eq. (4).
(ii) After collision (limit t → ∞) (a) Soliton 1 (θ 1 ≈ 0, θ 2 → ∞)
From the above asymptotic behavior of two-soliton solution, we know that there is no change of the amplitude for each soliton during the process of collision. However, from Eqs. (8) to (11) we find there is a phase exchange 2φ j , j = 1, 2, and center shift 2x 0 for soliton 1 and soliton 2 during collision, respectively. These results show that the collision of two nonautonomous solitons is elastic.
B. Nonautonomous bright soliton solution on nonzero background
It is easy to find two basic solutions of Eq. (2). One is ψ = 0, which corresponds to the vacuum particle density state. The nonautonomous soliton solutions in Eqs. (4) and (6) 
with the initial amplitude A, wave number k, and
This solution can be seen as the background with the temporal variation particle density. It will be very interesting to get the exact soliton solution and its dynamic properties on such background. Employing Darboux transformation [34] [35] [36] , we obtain the nonautonomous soliton solution as follows
1/2 , which imply that M I = 0 as A s = 0. Here θ 0 , ϕ 0 , A s , k s , A, and k is an arbitrary real constant, respectively. From Eq. (13) one can see that, as A vanishes, the solution (13) reduces to one soliton solution in Eq. (4). On the other hand, when the initial amplitude of the soliton A s vanishes, the solution ψ in Eq. (13) reduces to the solution in Eq. (12) . Therefore, the exact solution (13) describes generally the dynamics of the nonautonomous bright soliton embedded in the temporal variation particle density background, characterized by the envelop propagation velocity
Based on the above exact solution, we analyze in detail the modulation instability process and the formation of spatial pattern in BECs. As discussed in Ref. [34, 35] , we firstly consider a special case, i.e., k s = k. In this situation, there are two representative results:
(i) When 4A 2 > A 2 s , we have M I = 0 which implies that the soliton velocity V sc becomes infinite. It is to say that the soliton in Eq. (13) is completely trapped in spatial direction and undergoes the modulation instability process [3] . Indeed, by introducing a small quantity ǫ = exp(θ 0 ) for θ 0 < 0, and then linearizing with respect to ǫ we have the approximation for the initial value (14) where
, and M 1 = 4A 2 − A 2 s . The solution of the initial value problem of Eq. (2) can be well described by the solution (13) under the case of M I = 0. As a result, a small periodic perturbation of the plane wave solution may lead to the onset of instability.
(ii) When 4A 2 < A 2 s , the soliton (13) becomes
where θ = µM 2 (xe λt − 2k
t 0 e 2λτ dτ ) − θ 0 and
On the nonzero background the nonautonomous bright soliton possesses the same properties as that on zero background. The peak value increases and the soliton width compresses with the increasing value of the scattering length, respectively. The dynamic soliton evolution exhibits the periodic oscillation of the amplitude and breather behavior due to the presence of nonvanishing background [35, 36] . On the other hand, under the effect of the expulsive parabolic potential, the bright soliton can propagate in the longitudinal direction, instead of oscillation in attractive parabolic potential.
The atoms of the bright soliton against the background can be obtained, i.e.,
where B = M R /M I , ϕ = Bθ + ∆, and ∆ = µA s M I B 2 + 1 t 0 e 2λτ dτ + Bθ 0 − ϕ 0 . By numerically verifying this integration we find it is a conservation quantity which indicates that during the process of the compression of the bright soliton the number of atoms in the bright soliton keeps invariant. Another interesting problem is how such soliton can be created. From the expression (15), we can see that the initial wave function can be written as the form φ = −Ae iϕc ± iM 2 e iϕc sech (µM 2 x − θ 0 ) as ϕ 0 = ±π/2, ±3π/2, · · · . This result shows that the solution (15) can be generated by coherently adding in quadrature a bright soliton to the background.
To better understand the properties of nonautonomous bright soliton on nonvanishing background with the case k s = k, we can decompose Eq. (13) into the form
As A = 0 we have ψ d = 0 and ψ b = A s exp(−iϕ) sech θ s , which shows that in Eq. (16) the former is zero solution, and the latter gives rise to one soliton solution for Eq. (2). With the increasing of |A|, a dip starts to occur for ψ d describing a perturbed grey solitary wave under the effect of nonzero background. At the same time ψ b exhibits the periodic oscillation of the amplitude in propagation which can be considered as a perturbed bright solitary wave. Therefore, the solution (13) describes the superposition of the perturbed dark and bright solitary waves expressing the procedure of the pattern formation.
III. NONAUTONOMOUS DARK SOLITON SOLUTIONS
In this section, we consider the case of repulsive interaction between atoms, i.e., a 0 > 0. Using the results in Ref. [37, 38] , we obtain the nonautonomous dark soliton solution of Eq. (2) in the form
t 0 e 2λτ dτ + ζ 0 and q(x, t) is to be determined. For nonautonomous onesoliton solution, q(x, t) is given by
From Eq. (19) we see that the existence of nonautonomous dark soliton implies the condition κ ≥ P When λ = 0, this case corresponds to the uniform distribution density of bosons. On the other hand, when Z 1 = −1 the solution in Eqs. (17) and (18) (17) and (18) shows that this nonautonomous dark soliton undergo compressing effect with the increasing of the scattering length, while the peak value has an increase. From Eqs. (17) and (18) we have |q| min = κ − P 2 1 /4/µ exp (λt/2) which is inverse proportion to the initial soliton width 1/P 1 . The dark soliton possesses the accelerated motion with the absolute increasing scattering length tuned by the Feshbach resonance instead of oscillation in attractive parabolic potential and the velocity reads V d = (2ξ 0 − 4κ − P 2 1 )(e λt − λe −λt t 0 e 2(λτ ) dτ ) obtained from Eq. (19) . From Eq. (17) we obtain the particles number in the form
is a conservation quantity. The above analysis implies that we can control the dip matter density of dark soliton by adjusting appropriately the Feshbach resonance. For nonautonomous dark two-soliton solution, the expression of q(x, t) is given by
here j = 1, 2. From the solution in Eq. (20), we can see its asymptotic behavior
which shows only a phase shift (17) with Eq. (20) . Asymptotically, the two-soliton waves in Eq. (20) can be written as a combination of two one-soliton waves in Eq. (18) . The asymptotic form of two-soliton solution in limits t → −∞ and t → ∞ is similar to that of one-soliton in Eq. (17) with Eq. (18) .
where the center shift of dark soliton is given by δ 0 = ln A 12 . By analyzing the asymptotic behavior of twosoliton solution in detail, we know that there is no change of the amplitude for each soliton during collision, while one should notice that the factor |Z j | = 1, j = 1, 2, again. However, from Eq. (22) to Eq. (25) we find a phase exchange δ 0 for soliton 1 and soliton 2 during collision. These results show that the collision of two dark solitons is elastic.
IV. CONCLUSIONS
In summary, we present a family of nonautonomous soliton solutions of BECs with the time-dependent interatomic interaction in an expulsive parabolic potential. Our results show that the amplitude, width, and velocity of nonautonomous soliton can be affected by the timedependent atomic scattering length, which can be tuned by the external filed from the so-called Feshbach resonance technique. These results also provide an experimental tool for investigating the range of validity of the one-dimensional Gross-Pitaevskii equation with an abnormal expulsive parabolic potential. For the cases of both attractive and repulsive interaction, the total particles number is a conservation quantity, but the peak (dip) density of soliton can be controlled by the Feshbach resonance parameter. The soliton solutions reported here may be more realistic and leave scope for more physical explanation and application in the future. 
